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Hamilton’s Ricci Flow on Finsler Spaces 

B. Bidabad*andM. K. Sedaghat 


Abstract 

Recently, we have studied evolution of a family of Finsler metrics 
along Finsler Ricci flow and proved its convergence in short time. 
Here, existence of solutions to the so called Hamilton Ricci flow on 
Finsler spaces is studied and a short time solution is found. To this 
end the Finslerian Ricci-DeTurck flow on Finsler spaces is defined and 
existence of its solution in short time is proved. Next, this solution is 
pulled back to determine a short time solution to the Hamilton Ricci 
flow on underlying Finsler space. 
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1 Introduction 

The major aim for many geometric flows is to produce canonical geometric 
structures by deforming rather general initial data to these structures. The 
Ricci flow theory and its various applications became one of the most in¬ 
tensively developing branch of modern mathematics [10, 12, 17]. The most 
fabulous achievement of this theory was the proof of Thurston’s geometriza- 
tion conjecture by G. Perelman [18, 19]. The subject of Hamilton’s Ricci 
flow introduced in 1982 lies in the held of geometric hows which has many 
applications in physics and real world problems. Hamilton introduced the 
Ricci how by the diherential equation 

d 

—gij{x,t) = -2Ricij, g(t=o) = go, Vx e M, (1.1) 
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in order to study compact three-manifolds with positive Ricci curvature. 
The Ricci flow, which evolves a Riemannian metric by its Ricci curvature, 
is a natural analogue of the heat equation for metrics. Ricci flow confor¬ 
mally deforms the Riemannian metric to its induced curvature, such that 
the curvature tensors evolve by a system of diffusion equations which leads 
to distribute the curvature uniformly over the manifold. Hence, one expects 
that the initial metric should be improved and evolved into a canonical met¬ 
ric, in order to obtain some information on the topology of the underlying 
manifold. In his celebrated paper, Hamilton proved that there is a unique 
solution to the Ricci flow for an arbitrary smooth Riemannian metric on a 
closed manifold over a sufficiently short time [14]. He also showed that on 
a compact three-manifold with an initial metric having positive Ricci cur¬ 
vature, the Ricci flow converges, after re-scaling to keep constant volume, 
to a metric of positive constant sectional curvature, proving the manifold is 
diffeomorphic to the three-sphere or a quotient of the three-sphere by 
a linear group of isometries. 

In Finsler geometry the problem of constructing the Finslerian Ricci flow con¬ 
tains a number of new conceptual and fundamental issues on compatibility of 
geometrical and physical objects and their optimal conhgurations. In order 
to define the concept of Ricci tensor in Finsler geometry, Akbar-Zadeh in his 
celebrated work has used Einstein-Hilbert’s functional in general relativity 
and introduced dehnition of Einstein-Finsler spaces as critical points of this 
functional, similar to the Hamilton’s work, in Riemannian geometry, see [14]. 
This definition of Ricci tensor turned to be one of the most productive defi¬ 
nition in Finsler geometry. In [2], D. Bao based on the Akbar-Zadeh’s Ricci 
tensor and in analogy with the Ricci flow in Riemannian case, has considered 
the following equation as Ricci flow in Finsler geometry 

^ log F = -Tlic, F(^t=o) = Fq, 

where, Fq is the initial Finsler structure. This equation is equivalent to 
d 

—gij{x,y,t) = -2Ricij, g(^t=o) = 9o, {x,y) eTM, 

which is analogous to the Riemannian Ricci flow (1.1) and addresses the 
evolution of the Finsler structure F. This dehnition of Ricci how seems to 
make sense, as an un-normalized Ricci how for Finsler spaces on both the 
manifolds of nonzero tangent vectors TMq and the sphere bundle SM, which 
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is also used in [16] to study Harnack estimates for heat equation. 

Recently, we have studied Finsler Ricci solitons as a self similar solutions 
to the Finsler Ricci flow and it was shown if there is a Ricci soliton on a 
compact Finsler manifold then there exists a solution to the Finsler Ricci 
flow equation and vice-versa, see [6]. Next, as a hrst step to answer Chern’s 
question stating that weather there exists a Finsler-Einstein metric on every 
smooth manifold, we have considered evolution of a family of Finsler metrics, 
hrst under a general how next under Finsler Ricci how and prove that a family 
of Finsler metrics g{t) which are solutions to the Finsler Ricci how converge 
to a smooth limit Finsler metric as t approaches the hnite time T, see [7]. 
Moreover, a Bonnet-Myers type theorem was studied and it is proved that on 
a Finsler space, a forward complete shrinking Ricci soliton is compact if and 
only if the corresponding vector held is bounded, using which we have shown 
a compact shrinking Finsler Ricci soliton has hnite fundamental group and 
hence the hrst de Rham cohomology group vanishes, see [8]. 

In the present work, a new fundamental step is taken in the study of 
any system of evolutionary partial differential equations which shows short- 
time existence of Hamilton Ricci how on Finsler spaces. More intuitively, as 
the Ricci how quasi-linear differential equation is not parabolic, one cannot 
apply the standard theory to conclude existence and uniqueness of a short 
time solution. Following the procedure described by D. DeTurck in Rie- 
mannian space [13], the Finslerian Ricci how is modihed and a PDF which 
has a short-time solution is obtained. Next, a solution to the original Ricci 
how equation is found by pulling back solution of the modihed how using 
appropriate diffeomorphisms. 


2 Preliminaries and notations 

2.1 Finsler space and Cartan connection 

Let M be a real n-dimensional manifold of class C°°. We denote by TM the 
tangent bundle of tangent vectors, by tt : T Mq —)■ M the hber bundle of non¬ 
zero tangent vectors and by 'k*TM —)■ TMq the pulled-back tangent bundle. 
Let (x, U) be a local chart on M and (x*, |/*) be the induced local coordinates 
on A Finsler structure on M is a function F : TM —> [0, oo), with 

the following properties:(i) F is differentiable C°° on TMq] (ii) F is positively 
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homogeneous of degree one in ?/, that is, F{x, \y) = XF{x,y), for all A > 0; 
(hi) The Finsler metric tensor g dehned by the Hessian matrix of F^, {gij) = 
is positive dehnite on TMq. A Finsler manifold is a pair (M, F) 
consisting of a differentiable manifold M and a Finsler structure F on M. 
Here and everywhere in this paper all the Latin indices i,j,...,a,b,...,p,q,... 
run over the range 1 ,n. Any point of TMq is denoted hy z = {x, y), where 
X = Tiz E M and y G T^^zM. We denote by TTMq, the tangent bundle of 
TMq and by g, the canonical linear mapping g : TTMq —> MTM, where, 
p = TT*. For all 2; G TMq, let V^TM be the set of vertical vectors at z, that 
is, the set of vectors which are tangent to the hber through 2;. Equivalently, 
VzTM = kervr* where vr* : TTMq —)■ TM is the linear tangent mapping. 
Let V be a linear connection on the vector bundle MTM —)■ TMq. Consider 
the linear mapping y : TTMq —> MTM, by fi{X) = where, X G 

TTMq and y is the canonical section of MTM. The connection V is said to be 
regular, if y dehnes an isomorphism between VTMq and MTM. In this case, 
there is the horizontal distribution HTM such that we have the Whitney sum 
TTMq = HTM © VTM. This decomposition permits to write a vector held 
X G x{TMq) into the horizontal and vertical form X = HX + VX uniquely. 
In the sequel, we denote all vector helds on TMq by X,Y, etcetera and 
the corresponding sections of MTM hy X = g{X), Y = g{Y), respectively, 
unless otherwise specihed. The structural equations of the regular connection 
V are given by: 

T{X,Y) = X^Y-XyX-g[X,Y], 
n{X, Y)Z = Vy VyZ - VyVyZ - 

where, X = g{X), Y = p(H), Z = g(Z) and X, Y and Y are vector helds 
on TMq. The torsion tensor r and curvature tensor kl of V determine two 
torsion tensors denoted here by S and T and three curvature tensors denoted 
by R, P and Q dehned by: 

S{X, Y) = t{HX, HY), T{X, Y) = t{VX, HY), 

R{X, Y) = Vl{HX, HY), P{X, Y) = Vl{HX, VY), 

Q{X,Y)=^l{VX,VY), 

where, X = p(X), Y = g(Y), X = y{X) and Y = y{Y). The tensors R, P 
and Q are called hh—, hv— and uu—curvature tensors, respectively. There 
is a unique regular connection associated with F called Cartan connection 
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such that: 


z9 — 

S{X,Y) = 0, 

g{T{VX, Y),Z)= g{T{VX, Z), y), (2.1) 

where, X = g{X), Y = g{Y) and Z = g{Z), for all X,Y, Z e TTMq, see 
[1]. Given an induced natural coordinates on 7 r“^(f/), we denote by G* the 
components of spray vector field on TM, where G* = ~ 

and the/orma/ Christoffel symbols by 7 ®^ = \g'^^{djghk + dkgjh — dhgjk)- The 
horizontal and vertical subspaces have the corresponding bases 
which are related to the typical bases of TM by := ^ — 

Gl^. The dual bases of the former basis are denoted by where 

5y^ := dy^ + G^jdxK The 1-form of Cartan connection in these bases is given 
by uj] = Ti^dx^ + Gi^dy^, where = \g^^{5jghk + kgjh - Gj^ = 

\g"^dhgjk, dk = -^ and du = By homogeneity, we have = N], 

where A(® = y^^] = 2G*, see [3]. The horizontal and vertical metric 

compatibility of Cartan connection in local coordinates is given by Xigjk = 0 
and Xigjk = 0 respectively. In local coordinates, coefficients of the Cartan 
connection V are given by 

Wkd,=V)A Vkd, = G}A Vkd,=T],d,, Xkd, = G],dk. 

The components of Cartan horizontal and vertical covariant derivatives of a 
Finslerian (1,2) tensor field S on 7r*TM with the components {S'^ji^{x,y)) on 
TM are given by 

ViS}, := dtS}, - (2.2) 

:= diS), - si,g;, - + s;|,G®„ (2.3) 

respectively, where, Vz := V « and Vz := V a . We denote the components 

y? sjy 

of Cartan hh-curvature tensor by 

+ r:,r7 - r^r*, + (2.4) 

where, is equal to 

Here, we consider also the reduced curvature tensor R\. which is expressed 
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entirely in terms of x and y derivatives of spray coefficients G* as follows, see 

[3] 

(2,5) 

^ dx^ dxWy^ dyWy^ dy^ dy^ 

Let c : I —> M be an oriented C°° parametric curve on (M, F) with the 
parametric equation Let {x{t),x{t)) be the line element along the curve 

c and X a C°° vector field X = |c(t) along c{t). We denote the Cartan 


covariant derivative of X in direction of c = by 

see [5], where 


\c{t), 


6X^ dX^ 


{Tl, + 


dt dt 

By means of metric-compatibility we have, 
d 


.dx^ 

dt 


( 2 . 6 ) 


dt 


giX,Y) = giX,X,Y) + g{X,X,Y). 


2.2 On the pull back bundle p*TM over SM 

Consider the sphere bundle SM := TM/ ~, where y ^ y' ii and only if 
y = \y' for some A > 0. Given any {x^y) G TM, we shall denote its equiva¬ 
lence class which is a point in SM by {x, [y]) G SM. The natural projection 
p : SM —> M pulls back the tangent bundle TM to a n-dimensional vector 
bundle p*TM over the 2n — l dimensional base SM. Namely, over each point 
(x, [?/]) we erect a single copy of T^M and endow it with the inner product 
gij{x, y)dx^ ®dxK The resulting vector bundle p*TM has the hber dimension 
n as in tt*TM, but now it sits over the 2n — 1 dimensional sphere bundle 
SM rather than TM. Local coordinates x^,..., x” on M induces global coor¬ 
dinates y ^,on each hber T^M, through the expansion y = y'’^- Thus 
(xhl/*) is a coordinate system on SM with the y^ regarded as homogeneous 
coordinates in the projective space sense. Given local coordinates (x*) on 
M, we shall economize on notation and regard the corresponding collections 
{dx*} as local bases for p*TM and its dual p*T*M, respectively. There 
is an inner product g on p*TM by specihcation 

g := gij{x,y)dx' ® dx\ 

on the hber over the point (x, [?/]) G SM, where y G T^M. One can verify 
that g is well dehned and 

9ij{x,y)yy = F^{x,y). 
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Let {ca = be a local orthonormal frame for p*TM and {u°‘ = vfdx^} 

be its co-frame; thus u)°‘{eb) = It is clear that e„ := I, where I is the 
distinguished global section whose value at any {x, [y]) G SM and ca"' = 
§^dx\ Also we have ^ = vfca and dx^ = A basic relation between 

{uD and (vf) is given by vful = and = <5*. For convenience, we shall 
also regard the Ca’s and a;“’s as local vector helds and 1-forms, respectively 
on SM. All p*TM related indices are raised and lowered with the metric g, 
see [4], Let 


, &n+a — p. j- 

OX* oy^ 

6v^ 

60 “ = vMx\ a;"+“ = 

17 I p 

It can be shown that {ca, en+a\ is a local basis for the tangent bundle TSM 
and { 0 ;“, 0 ;**^“} is a local basis for the cotangent bundle T*SM, where the 
Latin indices run over the range and the Greek indices run from 1 

to n — 1. Tangent vectors on SM which are annihilated by all {co’^+'^j’s 
form the horizontal sub-bundle HSM of TSM. The hbers of HSM are n- 
dimensional. On the other hand, let VSM := [Jx^mT{SxM) be the vertical 
sub-bundle of TSM-., its hbers are n — 1 dimensional. The decomposition 
TSM = HSM®VSM holds because HSM and VSM are direct summands. 
The inner product on p*TM induces a Riemannian structure g on SM 

g := ® 0 ;”+^ = gijdx^ ® dx^ + ® 0 ;”+^. 

In particular, HSM and VSM are orthogonal with respect to g. 


3 Quasilinear strictly parabolic equations on 

SM 


A system of partial differential equations is called quasilinear if the deriva¬ 
tives of principal order term occur only linearly (with coefficients which may 
depend on derivatives of lower order), see [20]. Let u : M —?■ M be a smooth 
function on M. A quasilinear strictly parabolic equation is a PDF of the form 


du ■ ■ d^u 

^ ^ G-—— 

dt ’ dx^dxi 


-|- h(x, f, M, 


du 

(9x* 
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where, a*-^ and h are smooth functions on M and for some constant A > 0 we 
have the parabolicity assumption 




that is, all eigenvalues of A = (a*-^) have positive sign or equivalently (a*-^) 
is positive definite. Let p : SM — > M be a smooth function on the sphere 
bundle SM. We consider the quasilinear strictly parabolic equation on SM 

dp 

— = G'^^{x,y,t)e^egp + h{x,y,t,P,e^p), (3.1) 

where is a local basis for the tangent bundle TSM and stand here as partial 
derivative on SM. The capital indices A, B run over the range {1, 2,..., 2n — 
1} and is positive definite. Here, G^^ and h are smooth functions on 
SM. More preciesly, a quasilinear strictly parabolic equation on SM can be 
defined in the following form 

d p 

— = P^^^CaCbP + Q'^^Cn+aen+pP + C^-’^eaCn+p + lower Order terms, (3.2) 

where the Latin indices a, 6,... and Greek indices a,/3,... run over the range 
1, ...,n and 1,..., (n — 1), respectively and the matrix 




pab 

]_(Jaa 


0^^ 


(2n-l)x(2n-l) 


is positive definite. 


Lemma 3.1. Let p : TM —> W be a zero-homogeneouse smooth function on 
the tangent bundle TM. The guasilinear differential eguation 

dp S‘^ o ■ ■ d‘^ 0 

— = o ■ + lower order terms, (3.3) 

dt 6x^6x^ dy^dy^ ^ ’ 

is a guasilinear strictly parabolic eguation on SM. 


4 The harmonic map Laplacian on the Tan¬ 
gent Bundle 

Let (f : {M, g) —> {N, h) be a diffeomorphism between two n-dimensional 
Finsler manifolds (M, F) and {N, F) with the corresponding metric tensors 






g and h called domain and codomain metric, respectively. Denote image of 
the linear tangent application dip{TxM) by T^N, where (p{x) = x. Let c 
be a geodesic on (M, F) and c{t) := ip o c{t) its image by p. Consider a 
local coordinate system {x^} on M, a local coordinate system {x*} on N and 
y = c(0) = dp{y), where y = c(0). Then (2.6) leads to 


— d'^F — — — d dx^ c) 

v.h(0) ^ {^(0) + (rk + CLiv,^)^(0)-}-|. 


(4.1) 


= { 
= { 
= { 




d 


(0) + (ri, + CLivas'sngjr I. 

(^)vV + + (ru + ciM)sV}4^, U 


dx^dx^i 


dx^ 


— — — c) 


On the other hand, y^ = 


^yP, thus (4.1) is given by 


^Ao) = {iddz::i^)yV-^{x]Ti,yV + n,ts'‘]^ 


= yV{ 


dxPdx^ 


dxPdx^ 


[x] - 


dp^ 

dx^ 

dp'- 


A 

dx^ 

.k , Pi dp^dp^. d 


_-I-r* ^ ^ ]_ 

Q^k^-P) dxp dx^i ^ dx^ 


—A \x • 


Next, let 


^u = { 


d'^p^ 


pq L dxPdx'i 


dp\ . dp^dp^ 

[X] - —{x)Tpg + ^khg^p g^g}, 


dx^ 


where T^^ and are the coefficients of horizontal covariant derivative of 
Cartan connection on the coordinate systems {x®} and {x®} on {M,F) and 
{N,F), respectively. Contracting with gP'^ leads to the following dehni- 
tion 




d'^p'^ 


X 


dp^ 


+n 


dp^ dp^ ^ 
^^dxP dxi 


(4.2) 


dxPdx^^"^' dx^ 

The harmonic map Laplacian of p with respect 
to the domain metric g and the codomain metric h is defined by 


where, (A^,,^?)® = A^^^gP'i 


^g,h^ 


A 

(9x® 


where, {Ag^hPY is given by (4.2). In the following proposition it is shown 
that the harmonic map Laplacian is invariant under the action of the diffeo- 
morphism group of M. 
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Proposition 4.1. Let ip : {M,g) —> {N, h) be a diffeomorphism between the 
two Finsler spaces {M, F) and {N, F) with the corresponding metric tensors 
g and h, respectively. If ip is a diffeomorphism from M to itself, then 

^ \x— {^g,hF) T^N, 

for all X ^ M where x = {(p o ip){x) and ip is the canonical lift of ip on TM. 

Corollary 4.1. Let {M,g) and {N,h) be two n-dimensional Finsler spaces 
with corresponding Finsler structures F and F respectively. Let N = M and 
(p be the identity map (p = Id : {M,g) —> (M, h), then we have 

{A-,,,Id)^=~g^^{-t^^ + f^^), (4.3) 

where, and Ff^- are the coefficients of horizontal covariant derivative of 
Cartan connection with respect to the g and h, respectively. 

Next, consider the vector field f{x,y) as a section of n*TM with the 
components := It can be easily verified that the components 

of ^ = Ag^t),hld = g'^^lx,y){-t^^ + F^^)^ G F(7r*TM) are homogeneous 
of degree zero on y, thus f can be considered as a vector field on SM. Using 
the fact that the difference of two connections is a tensor, ^ is a globally 
well-defined vector field. 


5 Finslerian Ricci-DeTurck flow and exis¬ 
tence of solution 

In general Finslerian setting, a notable definition of Ricci tensor is introduced 
by H. Akbar-Zadeh as follows: 

Ricjk ■= [^F^Iliclyjyk, (5.1) 

where, IZic = R\ and R\. are defined by (2.5). One of the advantages of Ricci 
quantity defined here is its independence to the choice of Cartan, Berwald 
or Chern(Rund) connections. Based on the Ricci tensor, in analogy with the 
Ricci-fiow in Riemannian case, D. Bao has considered, the following natural 
extension of Ricci flow in Finsler geometry, see [2], 

d 

~^3jk 2.Ricjk-j 5 ^ 0 * 
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(5.2) 


Contracting with via Euler’s theorem, leads to = —2F‘^7lic. That 
is, 

— logF = -7^^c, F(t=o) = Fo, (5.3) 

where Fq is the initial Finsler structure. It can be easily verihed that (5.2) 
and (5.3) are equivalent. In order to show that the above Ricci flow in 
Finsler geometry has a solution on a short time interval, we replace the 
Finslerian Ricci flow by an equivalent evolution equation which has a solution 
in short time. In analogy with the Ricci-DeTurck flow in Riemannian case, 
we consider the following natural extension of Ricci-DeTurck flow in Finsler 
geometry. 

Definition 5.1. Let {M,F) be a compact Finsler manifold with the fixed 
back-ground metric tensor h. Assume that for all t G [0,T), F{t) is a one- 
parameter family of Finsler structures onTM and g{t) is the tensor metric 
related to F{t). We say that g{t) is a solution to the Finslerian Ricci-DeTurck 
flow if 

d 

'^9jk{t) = -2Ricjk{g{t)) - C^gjflt), (5.4) 

where, is the Lie derivative with respect to f -f f^„)^ G 

r(7r*TM) which is a vector field on SM as mentioned earlier. 

Contracting (5.4) by y^y^, via Euler’s theorem, we have the scalar Ricci- 
DeTurck flow in Finsler spaces. 

^^F\t) = -2F\t)nic{g{t)) - F^F\t). (5.5) 

By means of commutativity of y and one can easily verify that (5.5) is 
equivalent to (5.4). Moreover, this definition of Ricci-DeTutck flow reduces 
to the Ricci-DeTutck flow in Riemannian geometry if the Finsler structure 
F arises from a Riemannian metric g or equivalently cjjk is independent of 
y. The following theorem shows that the above Ricci-DeTurck flow is well 
defined and have a solution on a short time interval. 

Theorem 5.1. Let M be a compact differentiable manifold with a fixed back¬ 
ground Finsler structure F and related Finsler metric h. Given any initial 
Finsler structure Fq with metric tensor go, there exists a real number T > 0 
and a smooth one-parameter family of Finsler structures F{t), t G [0,T), 
with metric tensor g{f), such that F{t) is a solution to the Finslerian Ricci- 
DeTurck flow and .F(O) = Fo¬ 


il 


Proof. The Finslerian Ricci-DeTurck flow (5.5) can be written in the follow¬ 
ing form 

= -‘^F^{t)TZic{g{t)) - yPy^C^gpqit). (5.6) 

By means of Lie derivative formula along the vector held contracting with 
y'Py^ and using Euler’s theorem we have 

yVAfe = 2/V(V,e, + V,fp). (5.7) 

We rewrite the term Wpfq + Vgfp as follows 

-|- 'Vqfp = CS/pgqlf ) -|- {'S/qgplf ) = gql{'S/pf ) -|- gpli'S/qf ). 

Thus (5.7) is written 

yPy'^C^gpq = y^y'‘g"^''{Sp6qgmn - SqSngpm - SpS^giqn) (5.8) 

+y^ynhM~9m^ih)l^ - r(^)L) + -gpM-gm^ihYmn - r(^)L) 

+~gqrg--6p{T{h)U + ~gpir^W{h)U + + ~9pi^(~9)W"]- 

Also we have 

-2F^ntc{g) = -2F^Rl = -2F‘^PWp^^l\ (5.9) 

where Rpgq are the components of hh-curvature tensor of Cartan connection 
and F = ^ are the components of Liouville vector held. Hence, 

-2F^Flic{g) = -y^y'^g"^{SsSpghq - ^s^hgpq - SqSpghs + Sq6hgps) 

-2yPy^iTlT^^^ - P,/Jj - y^y^{6sr’^){6phq + 5q~gp^ - 4^p,) 
+y^y'^{Sqg^'^){Spghs + Ssgph - Shgps)- (5.10) 

Substituting (5.8) and (5.10) in (5.6), we obtain an equation which will be re¬ 
ferred in the sequel as differential equation of scalar Finslerian Ricci-DeTurck 
flow 

y^y'^-^9pq{t) = y^y'^g"^{SsShgpq) (5.11) 

- 2y^y\rir^^^ - F^^Fjj - + Sq~gp, - 6,~gpq) 

+ y^y'^{^q9"^){.5p9hs + 5sgph - 5hgps) 

- yWiu^r^mhYsH - r(^)L) - u^qr^mhYsH - r(^)ij 

+ ~gqirX{V{h)[^) + ~gpir%{V{h)[^) + -gqiVigY^^C + ~9piT{gYq^C]- 
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Applying twice the vector field ^ on the components of metric tensor gpq 
yields 


^s^hQpq 


+ 


d'^9pq _ _ J,rk d‘^9pq _ j,ri d‘^9pq 

dx^dx^ dx^ dy^ ^ dx^dy^ ^dy^dx^ 
Ajl ^^h 9pq I Tuliuk ^ 9pq 

S Qyl Qyk^ s h QykQyl ■ 


Finally we get 


yVy, 


r ~ / \ 

\.-^^9pq{t) 


:::sh 


s% 


•pq 


Sx^Sx'^ 


p 2 ~sh 


d‘^9pq 

dy^dy^ 


(5.12) 


+2(rLrJ, - + {5,r^){5p~gkq + 

{.^q9 '){,^p9hs A Sggpk ^h9ps) 

+^,K<5pr")(r(h)i, - r(^)i,) + ^,K<5,r")(r(h)i, - r(^)i,) 
-~gqir^5p{V{h)[^) - ~gpfg^Hq{V{h)\^) - ~gqiV{gl^C - ~9pim[^n = 0 - 


The expression in the brackets in (5.12) is written in the following form 


^gpq{t) - ^ lower order terms = 0. (5.13) 

dr^ y y y dy^dy^ ^ ' 

This is a quasilinear system of strictly parabolic differential equations on 
TM which is homogeneous of degree zero. By assumption M is compact 
and the sphere bundle SM as well. Therefore we rewrite (5.13) on SM. By 
restricting the metric tensor g on p*TM and using Lemma 3.1 we can rewrite 
(5.13) in terms of the basis {cq, e„+Q,} on SM as follows 

d 

Q^9pqi,^') 9 ^b^a9pq 9 ^n+l3^n+a9pq T B G^gpq T D Gn-\-"i9pq 

+lower order terms = 0, (5.14) 


Since the coefficients 

■) 

/ (2n-l)x(2n-l) 

of principal (second) order terms of (5.14) are positive definite, by definition, 
it is a quasilinear strictly parabolic system on SM. By means of the standard 


= 


-gab 

0 

0 
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existence and uniqueness theorem for parabolic systems, (5.14) has a unique 
solution, namely Qpq on SM. Recall that this solution is by definition a 
member of the family of Finsler metrics defined on p*TM and determines 
a Finsler structure F on TM. Therefore the Finslerian Ricci-DeTurck flow 
(5.12) has a solution on TM. This completes the existence statement. □ 

6 Short time solution to the Finslerian Ricci 
flow 

In this section it is shown that any solution to the Finslerian Ricci-DeTurck 
flow gives rise to a solution to the Finslerian Ricci flow. Here, we recall some 
well known results which will be used in the sequel. 

Lemma A. [11] If {Xt : 0 < f < T < oo} is a continuous time-dependent 
family of vector fields on a compact manifold M, then there exists a one- 
parameter family of diffeomorphisms {pt '■ M —)■ M; 0 < f < T < cx)} 
defined on the same time interval such that 

Wo(a:)=x, 


for all X & M and t E [0, T). 

Theorem B. [1] Let M he a smooth manifold and V : J x M —> TM 
a smooth time-dependent vector field on M. Then there exists an open set 
U <Z J X I X M and a smooth map (f : U —)■ M such that for each s E J and 
p E M, the set = {t E J : {t, s,p) E U} is an open interval containing 
s and the smooth curve 


f 7 : ^ M, 

I iW = 


( 6 . 2 ) 


is the unique maximal solution to the initial value problem 

f 7(0 = !/((, 7(()). (6,3) 

i 7(s) =P- 

Remark 6.1. If M is compact, then the sphere bundle SM is compact as 
well. On the other hand the components of^ = Ag(^t),hld = g'^"'{x,y){—T^^-\- 
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^mn)^ G V{'k*TM) are homogeneous of degree zero on y and f ean he 
considered as a vector field on SM. According to Lemma A and Theorem B, 
there exists a unigue one-parameter family of diffeomorphisms {(pt '■ SM —)■ 
SM}, Q <t <T, such that 


To = IdsM) 


(6.4) 


where z = (x, [?/]) G SM. 

Lemma C. [6]Let M he a differentiable manifold, F a Finsler structure and 
(ft family of diffeomorphisms on TM generated hy a vector field V. Then 
the pull hack of F under the point transformation i.e., (ft{F) is also a Finsler 
structure onTM. Moreover, iflZicp is the Ricci scalar related to the Finsler 
structure F, then we have 


(fliflZicF) = Tlic^*(^F)- 

Now we are in a position to prove the following proposition. 


Proposition 6.1. Fix a compact Finsler manifold (M, F) with related Finsler 
metric tensor h. LetF(t), fort G [0,T), he a one-parameter family of Finsler 
structures onTM which satisfies the following Finslerian Ricci-DeTurck flow 

^^F\t) = -2F\t)nic{F{t)) - C^F^t), (6.5) 

where, f = Ag(t')^hdd. Moreover let (fit, for t G [0,T) he a one-parameter 
family of diffeomorphisms satisfying 

d 

~ ^ \iftix)— {^g{t),hdd) \ipt(x), 

for all points x G M, y G S^M and all t G [0, T). Then the Finsler structures 
F{t), t G [0, T), form a solution to the Finslerian Ricci-fiow (5.3), where F{t) 
is defined hy 

F\t) = fi*AF\t)). 


Proof. We are going to show ^(logF(t)) = —IZic. Derivation of F'^if) = 
fi*fiF‘^{f)) with respect to the parameter t, leads to 




1 imTHt))) 

2 mPm 


( 6 . 6 ) 
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The term is 

= ( 6 . 7 ) 

Hence, (6.7) is written 

Replacing the last relation in (6.6) and by assumption (6.5) we get 

= 2 -- 

i -2(pl(F^{mx{nic(F{t))) 

2 AKFHt)) 

By virtue of Lemma C we have 

^(logF(t)) = -(pl{nic{F{t))) = = -nicF[t)- 

Therefore, the Finsler structures F{t) form a solution to the Finslerian Ricci 
flow. This completes the proof. □ 

Now we are in a position to prove our last theorem, influenced by the 
proof in Riemannian case, see [9] 

Theorem 6.1. Let M he a compact differentiable manifold with a fixed back¬ 
ground Finsler structure F on TMq and related Finsler metric h. Given any 
initial Finsler structure Fq with metric tensor qq, there exists a real num¬ 
ber T > 0 and a smooth one-parameter family of Finsler structures F{t), 
t G [0,T), with metric tensors gif), such that F(t) is a solution to the Fins¬ 
lerian Ricci flow and F{0) = Fq. 

Proof. It is easy to check the existence statement. In fact by means of The¬ 
orem 5.1, there exists a solution F{f) to the Finslerian Ricci-DeTurck flow 
(5.5) which is dehned on some time interval [0,T) and satishes R(0) = Fq. 
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For each point ^ = (x, [?/]) G SM, we denote by (ftiz) the solution of the 
PDF 

d 

~ {^g(t),hld) |(^4(x)= ^ \<pt{x)y 

with the initial condition <^o(^) = By Proposition 6.1, the Finsler struc¬ 
tures F‘^{t) = ip'l{F‘^{t)), t G [0,T), form a solution to the Finslerian Ricci 
flow (5.3) with F(0) = Fq. This completes the proof. 

□ 
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